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0. Introduction
In the most classical statement of Fatou’s lemma [1, Section 27 Theorem F], the µ-integrable functions considered are
supposed bounded and non negative. This lemma is revisited more particularly by Klei and Myara in [2], Klei in [3], and
[4, Proposition 3], always in the case of bounded non negative integrable functions, with very precise results involving
the modulus of equi-integrability of Rosenthal in the case of a finite measure. Truffert in [5, Corollary 1.5] and the author
in [6, Lemma 3.3] obtain a Fatou’s lemma for sequences of real valued functions with bounded equi-integrable negative
parts, where equi-integrability is taken in sense of Marle [7] when the measure is σ -finite. Note that another direction in
order to extend Fatou’s lemma is given by Balder in [8]. In the case of a finite measure, the works of Klei highlight the
key role of the Rosenthal’s modulus of equi-integrability in obtaining an inequality of Fatou’s lemma type. It is known
that, when the measure is unbounded, the notions of equi-integrability in the sense of [7] and of uniform integrability
in the sense of Hunt [9] are important. A useful novelty in the first section is the introduction of a modulus of equi-
integrability when the measure is σ -finite, (Definition 1.1). In the second section, considering the cases of bounded sets of
integrable functions or an atomlessmeasure,we show that thismodulus coincideswith themodulus of uniform integrability
(Definition 2.1), Theorem 2.2 and its corollary. Another novelty is, using this modulus of equi-integrability, the obtaining
of some new quantitative extensions of the classical Fatou’s lemma for such sequences of functions, Theorems 3.2 and 3.6,
Corollaries 3.3 and 3.4. Moreover some new equality formulas for a converging sequence in local measure are obtained:
Corollary 3.9(a),(b), and also the surprising formula of Corollary 3.11. The last section deals with convergence theory in the
case of integral functionals. In this domain our approach permits also to put in light some useful results. We prove first with
mild assumptions, for a sequence of integrands, the necessity of an analog of Ioffe’s compactness property, in order to obtain
a good inequality involving the lower epi-limit of a sequence of integral functionals defined on a topological decomposable
space, and the integral functional associated to the lower epi-limit of the integrands (Theorem 4.2); the statement of this
last result uses the modulus of equi-integrability and is original, even in case of a finite measure. This type of property
appears in [6] with the sequences of differential quotients of a given integrand. This last result covers the case of Lebesgue
space endowedwith strong or weak topologies. With the help of the extended Fatou’s inequalities Theorems 3.2 and 3.6, we
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prove that Ioffe’s criterion is sufficient for the validity of this last inequality when we consider a topology not weaker than
convergence in local measure: Theorem 4.5. This gives a natural extension of Fatou’s lemma to a sequence of integrands,
linked with a modulus of equi-integrability.
1. Modulus of equi-integrability
We adopt the following notations: R is the set of real numbers, R = R ∪ {±∞} and for r ∈ R, |r| = max(r,−r). Let
(S, S, µ) be a measure space with tribe S and a σ -finite measureµ. For a measurable set A ∈ S, we denote Ac = {s ∈ S, s ∉
A}, and 1A stands for the characteristic function of A, 1A(s) = 1 if s ∈ A, 0 if s ∈ Ac . We will consider the space L0(S,R)
of classes of measurable functions (for µ-almost everywhere equality) defined on S and with values in R and the Lebesgue
space L1(S,R) of classes of integrable functions defined onΩ with real values and endowedwith its strong natural topology.
Given v in L0(S,R), we consider the upper integral of v, Iv or
 ∗
Ω
vdµ defined by:
Iv =
 ∗
S
vdµ = inf

S
udµ, u ∈ L1(S,R), u ≥ v, µ-a.e

.
Observe that with the convention (+∞) − (+∞) = +∞, we have always Iv = Iv+ − Iv− , where v+ = sup(0, v) and
v− = (−v)+. If we define the lower integral Jv = −I−v , the only case in which Iv ≠ Jv is when Iv+ = Iv− = +∞, in this
case we have+∞ = Iv = −Jv .
Definition 1.1. LetΣ be the collection of all countable decreasing sequences of measurable sets σ = (Sk)k with a negligible
intersection. Given a sequence (un)n of R-valued measurable functions, let us define the following modulus
δ+((un)n) = sup
σ∈Σ, σ=(Sk)k
lim sup
k
sup
n≥k
 ∗
Sk
undµ.
Lemma 1.2. Suppose the un non negative and define the following modulus:
η′((un)n) = lim
ϵ→0, ϵ>0 sup
 ∗
A
undµ; n ≥ ϵ−1, µ(A) ≤ ϵ

.
Then we have always δ+((un)n) ≥ η′((un)n).
Proof of Lemma 1.2. If η′((un)n) > t , then for each ϵ > 0,
sup
 ∗
A
undµ; n ≥ ϵ−1, µ(A) ≤ ϵ

> t.
In particular there exists a sequence of measurable sets (Ak)k verifying:
µ(Ak) ≤ 2−k and sup
 ∗
Ak
undµ; n ≥ 2k

> t.
For each integer p there exists an integer np ≥ 2p such that

Ap
unpdµ > t . Define Sq =

p≥q Ap, thenµ(Sq) ≤ 2−q+1. The
sequence of decreasingmeasurable sets (Sq)q is with a negligible intersection. But the un are non negative, since nq ≥ 2q > q,
then:
sup
n≥q
 ∗
Sq
undµ ≥
 ∗
Aq
unqdµ > t.
Hence:
δ+((un)n) ≥ lim sup
p
sup
n≥p
 ∗
Sp
undµ ≥ t.
Therefore δ+((un)n) ≥ η′((un)n). The proof of Lemma 1.2 is complete. 
Proposition 1.3. Let (un)n be a sequence of non negative integrable functions. The modulus of equi-integrability η((un)n), of
Rosenthal (see [10]), is defined by:
η((un)n) = lim
ϵ→0, ϵ>0 sup

A
undµ; n ∈ N, µ(A) ≤ ϵ

.
We have always η((un)n) = η′((un)n) and δ+((un)n) ≥ η((un)n). If in addition the measure µ is finite then the δ+((un)n)
coincide with the modulus of equi-integrability η((un)n).
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Proof of Proposition 1.3. Clearly we have always η′((un)n) ≤ η((un)n). Conversely if η((un)n) > t > 0, then for each
ϵ > 0,
sup

A
undµ; n ∈ N, µ(A) ≤ ϵ

> t.
Since (un)n is a sequence of integrable functions, the finite set {un : n ≤ ϵ−1} is equi-integrable in the sense of [7] (see
Definition 1.6). Thus there exists 0 < sϵ < ϵ such that:
µ(A) ≤ sϵ ⇒ sup

A
undµ; n ≤ ϵ−1

< 2−1t.
Therefore, since
sup

A
undµ; n ∈ N, µ(A) ≤ sϵ

> t,
we deduce that:
sup

A
undµ; n ≥ ϵ−1, µ(A) ≤ sϵ

> t,
thus
sup

A
undµ; n ≥ ϵ−1, µ(A) ≤ ϵ

≥ sup

A
undµ; n ≥ ϵ−1, µ(A) ≤ sϵ

> t.
Therefore
η′((un)n) = lim
ϵ→0, ϵ>0 sup
 ∗
A
undµ; n ≥ ϵ−1, µ(A) ≤ ϵ

≥ t.
This last inequality being valid for η((un)n) > t > 0, we have obtained the desired inequality η′((un)n) ≥ η((un)n). This
proves the first equality. Using the preceding lemma we get δ+((un)n) ≥ η′((un)n) = η((un)n).
Suppose now the measure be finite. Let δ+((un)n) > t > 0. Due to the definition of δ+((un)n), the un being integrable,
there exists an element σ ∈ Σ , such that σ = (Sk)k and limk supn≥k

Sk
undµ > t . Since limk µ(Sk) = 0, for every ϵ > 0,
there exists an integer kϵ such that
µ(Skϵ ) ≤ ϵ, and: sup
n≥kϵ

Skϵ
undµ > t.
Therefore for each ϵ,
sup

A
undµ; n ∈ N, µ(A) ≤ ϵ

> t,
which proves that η((un)n) ≥ t . We have shown the converse inequality η((un)n) ≥ δ+((un)n). The proof of Proposition 1.3
is complete. 
The following notion is about the ‘‘tail behavior’’ of a sequence,
Definition 1.4. Wewill say that a sequence (un)n ofR-valuedmeasurable functions verifies eventually a propertyP if there
exists an integerm such that the sequence (un)n≥m verifies the property P .
Proposition 1.5. Suppose themeasureµ atomless. A sequence (un)n of R-valuedmeasurable non negative functions is eventually
bounded in L1(S,R) if and only if the modulus δ+((un)n) is finite.
Proof of Proposition 1.5. Clearly when the sequence (un)n is eventually bounded (in L1(S,R)), then with m =
lim supn

S undµ < +∞, we obtain δ+((un)n) ≤ m. Conversely let δ+((un)n) = t < ∞. Given an increasing covering
(Tk)k of S by measurable sets of finite measure define σ = (T ck )k. We have, for k0 large enough:
sup
n≥k0
 ∗
T ck0
undµ < 2t.
On the other hand since, by Lemma 1.2, we have η′((un)n) ≤ t , then there exists ϵ > 0 such that:
sup

A
undµ; n ≥ ϵ−1, µ(A) ≤ ϵ

< 2t.
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There exists a finite partition (Ai)i, 1 ≤ i ≤ m0 of Tk0 by measurable sets of measure less than ϵ. Therefore for n ≥
max(k0, ϵ−1)we have: ∗
S
undµ ≤
 ∗
T ck0
undµ+

1≤i≤m0
 ∗
Ai
undµ ≤ 2(m0 + 1)t <∞.
The proof of Proposition 1.5 is complete. 
Definition 1.6 (Marle, [7, 4.7.1]). A subset M of L1(S,R) is said to be equi-integrable if it satisfies the following two
conditions:
(a) for every ϵ > 0 there exists δ > 0 such that for every A ∈ S satisfying µ(A) < δ one has:
sup
u∈M

A
|u| dµ ≤ ϵ; ,
(b) for every ϵ > 0 there exists T ∈ S of finite measure such that:
sup
u∈M

T c
|u| dµ ≤ ϵ.
Note that the property (a) is named ‘‘uniform absolute continuity’’ and also equi-integrability by some authors (see for
example [11, Definition 2.23]).
The next result suggests that, for a sequence (un)n of integrable functions, the number δ+((|un|)n) can be considered as
a ‘‘modulus of equi-integrability’’ in the sense of Marle.
Proposition 1.7. Let (un)n be a sequence of non negative integrable functions, set
δ((un)n) = sup
σ∈Σ, σ=(Sk)k
lim sup
k
sup
n∈N
 ∗
Sk
undµ
then we have always δ+((un)n) = δ((un)n). As a consequence, for any sequence (un)n of integrable functions the following
assertions are equivalent
(a) (un)n is equi-integrable.
(b) δ+((u−n )n) = δ+((u+n )n) = 0.
(c) δ+((|un|)n) = 0.
(d) δ((|un|)n) = 0.
Proof of Proposition 1.7. Let us first prove the following result:
Lemma 1.8. Given an equi-integrable sequence (un)n of integrable functions, and (Sk)k a sequence of measurable sets such that
limk µ(A ∩ Sk) = 0 for every measurable set A of finite measure, then
lim
k
sup
n

Sk
|un|dµ = 0
as a consequence: δ+((|un|)n) = 0.
Proof of Lemma 1.8. Given ϵ there exists a measurable set T of finite measure such that supn

T c |un|dµ ≤ ϵ. Since
limk µ(T ∩ Sk) = 0, and since

Sk
|un|dµ ≤

T∩Sk |un|dµ+

T c |un|dµ, we deduce:
lim sup
k
sup
n

Sk
|un|dµ ≤ ϵ,
and ϵ being arbitrary, the proof of Lemma 1.8 is complete. 
Suppose now the un non negative and δ((un)n) > t , then there exists σ ∈ Σ, σ = (Sk)k such that
inf
k
sup
n∈N
 ∗
Sk
undµ = lim sup
k
sup
n∈N
 ∗
Sk
undµ > t. (1)
Since for every integer k the finite set {un, n ∈ N : n < k} is equi-integrable [7], from the above lemma there exists an
integer k′ > k such that
sup
n<k
 ∗
Sk′
undµ ≤ 2−1t,
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since (1) is true we have
sup
n∈N
 ∗
Sk′
undµ > t
thus we deduce that
sup
n≥k
 ∗
Sk′
undµ > t
and since Sk′ ⊂ Sk,
sup
n≥k
 ∗
Sk
undµ > t
this proves that
δ+((un)n) ≥ lim sup
k
sup
n≥k
 ∗
Sk
undµ ≥ t.
This last inequality being valid for every t < δ((un)n) we get δ+((un)n) ≥ δ((un)n). The converse inequality being trivial,
we have proved that δ+((un)n) = δ((un)n) and the equivalence (c)⇔ (d).
Let us prove now the other equivalences. Since |u| = u+ + u−, then δ+((|un|)n) ≤ δ+((u−n )n) + δ+((u−n )n); moreover,
since max(u−, u+) ≤ |u|, then max(δ+((u−n )n), δ+((u+n )n)) ≤ δ+((|un|)n), these two inequalities involving δ+ show the
equivalence between (b) and (c).
We now finish the proof of Proposition 1.7. Let us suppose the sequence (un)n equi-integrable. From Lemma 1.8 we get
δ+((|un|)n) = 0, thus (a)⇒ (c).
Conversely, let us suppose δ+((|un|)n) = 0. From the first assertion of Proposition 1.3 we obtain η((|un|)n) = 0, this
proves that the condition (a) of Definition 1.6 is satisfied by the sequence (un)n. If the second condition of Definition 1.6 is
not satisfied, there exists ϵ > 0 such that for every increasing covering (Tk)k of S by measurable sets of finite measure, we
have for every k:
sup
n

T ck
|un|dµ > ϵ (1).
Define k1 = 1. There exists an integer n1 ≥ 1 such that

T ck1
|un1 |dµ > ϵ. Suppose build integers np > np−1 and kp > kp−1
such that
T ckp
|unp |dµ > ϵ (2).
Since the sequence (un)n is a sequence of integrable functions, the finite set {un, n ≤ np} is equi-integrable. Thus from
Lemma 1.8 there exists an integer kp+1 > kp satisfying:
sup
n≤np

T ckp+1
|un|dµ < 2−1ϵ.
But, since (1) is satisfied for k = kp+1, this proves that there exists an integer np+1 > np verifying:
T ckp+1
|unp+1 |dµ > ϵ.
Now define Sp = T ckp , since the sequence (Tk)k is increasing and the sequences (np)p, (kp)p are strictly increasing, (Sp)p is a
decreasing sequence of measurable sets with an empty intersection. With (2), since np ≥ p, we get:
sup
n≥p

Sp
|un|dµ ≥

Sp
|unp |dµ =

T ckp
|unp |dµ > ϵ,
and this gives the contradiction:
δ+((|un|)n) = sup
σ∈Σ, σ=(Sp)p
lim
p
sup
n≥p

Sp
|un|dµ ≥ lim sup
p

Sp
|unp |dµ ≥ ϵ > 0.
Therefore the second condition of Definition 1.6 is satisfied, or equivalently, the sequence (un)n is equi-integrable. The proof
of Proposition 1.7 is complete. 
Notice that the equivalence (a)⇔ (d) is certainly well known.
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Corollary 1.9. Suppose the measure µ atomless. A sequence (un)n of elements of L0(S,R) is eventually bounded and equi-
integrable in L1(S,R) if and only if δ+((|un|)n) = 0.
Proof of Corollary 1.9. If for n large enough, the sequence (un)n is equi-integrable then (|un|)n is too, from Proposition 1.7
we have δ+((|un|)n) = 0. Conversely if δ+((|un|)n) = 0, then from Proposition 1.5, the sequence (un)n is eventually bounded
in L1(S,R), and therefore from Proposition 1.7 (un)n≥m is equi-integrable form large enough. 
We end this section with another useful expression of the modulus of equi-integrability:
Proposition 1.10. Let Σ ′ be the collection of all countable sequences of measurable sets σ = (Sk)k such that limk µ(A∩Sk) = 0
for every measurable set A of finite measure. Given a sequence (un)n of R-valued non negative measurable functions, let us define
the following modulus
δ′((un)n) = sup
σ∈Σ ′, σ=(Sk)k
lim sup
k
sup
n≥k
 ∗
Sk
undµ.
Then the two moduli δ+((un)n) and δ
′
((un)n) coincide.
Proof of Proposition 1.10. SinceΣ ⊂ Σ ′ , it follows that δ+((un)n) ≤ δ′((un)n).
Conversely suppose t < δ
′
((un)n). There exists σ ∈ Σ ′ , σ = (Sk)k such that:
t < lim sup
k
sup
n≥k
 ∗
Sk
undµ.
Hence, eventually respect to the variable k:
t < sup
k′≥k
sup
n≥k′
 ∗
Sk′
undµ.
Therefore, for every integer k large enough, there exists nk ≥ lk ≥ k and
t <
 ∗
Slk
unkdµ.
Let (Tp)p be an increasing covering of S by measurable sets of finite measure. Since σ = (Slk)k ∈ Σ ′ , for every integer p, we
have limk µ(Tp ∩ Slk) = 0. Hence for each integer p there exists a integer kp such that µ(Tp ∩ Slkp ) ≤ 2−p. We may suppose
p ≤ kp. Define An = ∪p≥n Slkp , clearly the sequence (An)n is decreasing. For n ≥ m if p ≥ n then p ≥ m, thus for n ≥ m,
An ∩ Tm = ∪p≥n Slkp ∩ Tm ⊂ ∪p≥n Slkp ∩ Tp.
Consequently
µ(An ∩ Tm) ≤

p≥n
µ(Slkp ∩ Tp) ≤

p≥n
2−p = 2−n+1.
This proves that for each integerm:
µ((∩n An) ∩ Tm) = lim
n
µ(An ∩ Tm) = 0.
Therefore,
µ(∩n An) = lim
m
µ((∩n An) ∩ Tm) = 0,
hence ∩n An is negligible. For p ≥ n,
t <
 ∗
Slkp
unkp dµ ≤
 ∗
An
unkp dµ,
but nk ≥ lk ≥ k, thus nkp ≥ lkp ≥ kp, and kp ≥ p ≥ n, therefore nkp ≥ n and
t <
 ∗
An
unkp dµ ≤ supp≥n
 ∗
An
updµ.
Thus we deduce:
t ≤ lim sup
n
sup
p≥n
 ∗
An
updµ ≤ sup
σ∈Σ, σ=(Sn)n
lim sup
n
sup
p≥n
 ∗
Sn
updµ = δ+((un)n).
Therefore t < δ
′
((un)n)⇒ t ≤ δ+((un)n), equivalently δ′((un)n) ≤ δ+((un)n). 
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Note the following result:
Lemma 1.11. Let (un)n be a sequence of elements of L0(S,R) such that the sequence (u−n )n is equi-integrable in L1(S,R). Then:
δ+((un)n) = δ+((u+n )n).
Proof of Lemma 1.11. Clearly δ+((un)n) ≤ δ+((u+n )n). Conversely, since u+n = un + u−n , then δ+((u+n )n) ≤ δ+((un)n) +
δ+((u−n )n) or equivalently:
δ+((u+n )n)− δ+((u−n )n) ≤ δ+((un)n).
The sequence (u−n )n being equi-integrable in L1(S,R), from Proposition 1.7, δ+((u−n )n) = 0. This achieves the proof of
Lemma 1.11. 
2. Links with uniform integrability
In the sequel, given two R valued measurable functions u and v, we denote the set {s ∈ S : u(s) ≥ v(s)} by {u ≥ v} and
the set {s ∈ S : u(s) > v(s)} by {u > v}.
Definition 2.1. Given a sequence (un)n of non negative R valued measurable functions, we define the following moduli:
λ+v ((un)n) = lim sup
m
sup
n≥m
 ∗
{un≥mv}
undµ,
λv((un)n) = lim sup
m
sup
n
 ∗
{un≥mv}
undµ.
Theorem 2.2. Let v be a positive valued integrable function and (un)n be a sequence of non negative R valued measurable
functions,
(a) If the un are integrable then λ+v ((un)n) = λv((un)n).
(b) The sequence (un)n is eventually bounded in L1(S,R) if and only if λ+v ((un)n) < +∞.
(c) If the sequence (un)n is eventually bounded in L1(S,R), then λ+v ((un)n) = δ+((un)n).
Corollary 2.3. Let v be a positive valued integrable function. Then for every sequence (un)n of non negativeR valued measurable
functions, we have always δ+((un)n) ≤ λ+v ((un)n). Suppose in addition the measure µ atomless, then the following equality
holds:
λ+v ((un)n) = δ+((un)n).
Proof of Corollary 2.3. From Theorem 2.2(b) and (c) we have δ+((un)n) ≤ λ+v ((un)n). If δ+((un)n) = +∞, then trivially
δ+((un)n) ≥ λ+v ((un)n); if δ+((un)n) <∞ due to Proposition 1.5, the sequence (un)n is eventually bounded in L1(S,R) and
from Theorem 2.2(c), δ+((un)n) = λ+v ((un)n); therefore in both cases δ+((un)n) ≥ λ+v ((un)n). 
Proof of Theorem 2.2. Let us prove the first assertion. Clearly λ+v ((un)n) ≤ λv((un)n). Conversely suppose that
λ+v ((un)n) < t <∞,
then there exists an integerm0 large enough such that for n ≥ m ≥ m0,
 ∗
{un≥mv} undµ < t . Therefore form ≥ m0,
sup
n≥m0

{un≥mv}
undµ ≤ sup
n≥m0

{un≥m0v}
undµ < t,
this proves that
λv((un)n≥m0) = lim sup
m
sup
n≥m0

{un≥mv}
undµ ≤ t.
Now note that for every integrable function u, every positive valued integrable function v, the decreasing sequence of
measurable sets ({u ≥ mv})m has a negligible intersection, thus, every singleton being equi-integrable, limm

{u≥mv} udµ =
0 < t . Therefore there exists an integerm1 > m0, such that form ≥ m1:
sup
i≤m0

{ui≥mv}
uidµ < t,
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this gives form ≥ m1,
sup
n

{un≥mv}
undµ = sup

sup
i≤m0

{ui≥mv}
uidµ, sup
n≥m0

{un≥mv}
undµ

≤ t.
Therefore,
λv((un)n) = lim sup
m
sup
n

{un≥mv}
undµ ≤ t.
The above inequality being valid for arbitrary λ+v ((un)n) < t , we deduce that λv((un)n) ≤ λ+v ((un)n), this ends the proof of
the assertion (a).
The second assertion is exactly the following lemma.
Lemma 2.4. A sequence (un)n of non negative elements of L0(S,R) is eventually bounded in L1(S,R) if and only if λ+v ((un)n) <+∞. A sequence of non negative integrable functions is bounded in L1(S,R) if and only if λv((un)n) < +∞.
Proof of Lemma 2.4. When λ+v ((un)n) < +∞ there exists an integer m0 large enough such that for n ≥ m ≥ m0, ∗
{un≥mv} undµ ≤ t <∞. Then for n ≥ m0
S
undµ =

{un<m0v}
undµ+

{un≥m0v}
undµ ≤ m0

S
vdµ+ sup
n≥m0

{un≥m0v}
undµ,
we obtain
sup
n≥m0

S
undµ ≤ m0

S
vdµ+ t < +∞.
Therefore the sequence (un)n is eventually bounded in L1(S,R). Conversely since every bounded sequence (un)n in L1(S,R)
verifies trivially λv((un)n) < +∞, every eventually bounded sequence (un)n in L1(S,R) verifies trivially λ+v ((un)n) < +∞.
Now ifλv((un)n) < +∞, thendue to the first part of the proof the sequence (un)n is eventually bounded in L1(S,R), therefore
bounded in L1(S,R). 
The last assertion is a consequence of Proposition 1.10, where it is proved that δ+((un)n) = δ′((un)n) and the following
lemma:
Lemma 2.5. Given a sequence of non negative integrable functions (un)n, then
δ
′
((un)n) ≤ λ+v ((un)n).
Moreover, δ
′
((un)n) = λ+v ((un)n) when λ+v ((un)n) < ∞ or equivalently when the sequence (un)n is eventually bounded in
L1(S,R).
Proof of Lemma 2.5. Let (Sk)k be a sequence of measurable sets such that limk µ(A ∩ Sk) = 0, for every measurable set A
of finite measure. Then for k ≥ m:
Sk
undµ =

Sk∩{un<mv}
undµ+

Sk∩{un≥mv}
undµ,
Sk
undµ ≤ m

Sk
vdµ+ sup
n≥m

{un≥mv}
undµ,
sup
n≥k

Sk
undµ ≤ m

Sk
vdµ+ sup
n≥m

{un≥mv}
undµ.
Since v is integrable, due to Lemma 1.8, limk

Sk vdµ = 0, thus:
lim sup
k
sup
n≥k

Sk
undµ ≤ sup
n≥m

{un≥mv}
undµ,
therefore:
lim sup
k
sup
n≥k

Sk
undµ ≤ lim sup
m
sup
n≥m

{un≥mv}
undµ = λ+v ((un)n),
and finally:
δ′((un)n) = sup
σ∈Σ ′, σ=(Sk)k
lim sup
k
sup
n≥k

Sk
undµ ≤ λ+v ((un)n).
This proves the first inequality of Lemma 2.5.
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Let us suppose now the sequence (un)n eventually bounded in L1(S,R), then there exists an integer m0 such that
M = supn≥m0

S undµ <∞. If λ+v ((un)n) > t , then there exists an increasing sequence of integers (mk)k such that
lim
k
sup
n≥mk

{un≥mkv}
undµ > t.
Thus eventually:
sup
n≥mk

{un≥mkv}
undµ > t.
Therefore formk sufficiently large, there exists nk ≥ mk ≥ m0 such that:
{unk≥mkv}
unkdµ > t.
Denote Sk = {unk ≥ mkv}. Recall that v is positive valued. Let (Tp)p be the increasing covering of S by measurable sets of
finite measure defined by Tp = {v ≥ p−1}. Since
mkp−1µ(Sk ∩ Tp) ≤

Sk∩Tp
unkdµ ≤ M,
we deduce that for every integer p:
lim
k
µ(Sk ∩ Tp) = 0,
and for every measurable set A of finite measure:
lim
k
µ(Sk ∩ A) = 0.
Therefore
δ′((un)n) = sup
σ∈Σ ′, σ=(Sk)k
lim sup
k
sup
n≥k

Sk
undµ ≥ lim sup
k

Sk
unkdµ ≥ t.
This last inequality being valid for every t < λ+v ((un)n) we get: λ+v ((un)n) ≤ δ′((un)n). The proofs of Lemma 2.5 and
Theorem 2.2 are complete. 
The following result shows that the number λ+v ((un)n) is independent of v:
Theorem 2.6. Let (un)n be a sequence of non negativeR valued measurable functions. Let v,w be two positive valued integrable
functions, then λ+v ((un)n) = λ+w((un)n).
Proof of Theorem 2.6. If λ+v ((un)n) = +∞, then λ+v ((un)n) ≥ λ+w((un)n). If λ+v ((un)n) < +∞, then from Theorem 2.2(b)
the sequence (un)n is eventually bounded in L1(S,R), therefore λ+w((un)n) < +∞ and from Theorem 2.2(c) we have
λ+v ((un)n) = δ+((un)n) = λ+w((un)n); hence in every case λ+v ((un)n) ≥ λ+w((un)n). The converse inequality being true
for the same reasons, we obtain λ+v ((un)n) = λ+w((un)n). The proof of Theorem 2.6 is complete. 
Definition 2.7 (Hunt [9, p. 33]). A set U of integrable functions is said uniformly integrable if for every ϵ > 0 there exists a
positive valued integrable function vϵ such that
sup
u∈U

{|u|≥vϵ }
|u|dµ ≤ ϵ.
Proposition 2.8. Let v be a positive valued integrable function and (un)n be a sequence of integrable functions, the following
assertions are equivalent:
(a) The sequence (un)n is uniformly integrable.
(b) The sequence (un)n is bounded in L1(S,R) and equi-integrable.
(c) The sequence (un)n is bounded in L1(S,R) and δ((|un|)n) = 0.
(d) The sequence (un)n is bounded in L1(S,R) and δ+((|un|)n) = 0.
(e) For every positive valued integrable function v, λv((|un|)n) = 0.
(f) For every positive valued integrable function v, λ+v ((|un|)n) = 0.
(g) There exists a positive valued integrable function v such that λv((|un|)n) = 0.
(h) There exists a positive valued integrable function v such that λ+v ((|un|)n) = 0.
If in addition the measure is atomless:
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(i) δ((|un|)n) = 0.
(j) δ+((|un|)n) = 0.
(k) The sequence (un)n is equi-integrable.
Proof of Proposition 2.8. The equivalence (a) ⇔ (b) is proved for example in [12, Theorem 16.8]. The equivalence
(b) ⇔ (c) is due to Proposition 1.7, it is proved also in [12]. (c) ⇔ (d) is due to Proposition 1.7. The equivalences
(b)⇔ (e)⇔ (g) are proved in [13] or [6, Lemma 3.2]. (e)⇔ (f)⇔ (g)⇔ (h) is due to Theorem 2.2(a) and Theorem 2.6.
(i) ⇔ (j) ⇔ (k) is a consequence of Proposition 1.7 and if in addition the measure is atomless, the Corollary 2.3 gives
(f)⇔ (j). 
The above result suggests that λv((|un|)n) is a modulus of uniform integrability and λ+v ((|un|)n) can be considered as a
modulus of final uniform equi-integrability.
3. About Fatou’s lemma
Definition 3.1. Let (un)n be a sequence of elements of L0(S,R), we define:
δ+∥ ((un)n) = inf

δ+((u′)), (u′) = (unk)k subsequence of (un)n : limk Iunk = lim supn Iun

.
Theorem 3.2. Let (un)n be a sequence of elements of L0(S,R), then:
(a) lim sup
n
Iun ≤ Ilim supnun + δ+((un)n).
(a)′ lim sup
n
Iun ≤ Ilim supnun + δ+∥ ((un)n).
If in addition the sequence (u−n )n is eventually bounded in L1(S,R), then:
(b) − δ+((−un)n)+ Ilim infnun ≤ lim infn Iun .
(b)′ − δ+∥ ((−un)n)+ Ilim infnun ≤ lim infn Iun .
Proof of Theorem 3.2. Let u = lim supn un such that Iu < +∞, and v be an integrable function satisfying for almost every
s ∈ S, u(s) < v(s). Let, as in a proof of Corollary 3.3 given in [14],
Tk :=

n≥k
{un < v}.
Then (Tk)k is up to a negligible set, an increasing covering of S. Set Sk = T ck .
For n ≥ kwe have un ≤ un1Sk + v1Tk , hence:
Iun ≤ Iun1Sk+v1Tk ≤ supn≥k
 ∗
Sk
undµ+

Tk
vdµ.
Thus for all integer k:
lim sup
n
Iun ≤ sup
n≥k
 ∗
Sk
undµ+

Tk
vdµ
and therefore:
lim sup
n
Iun ≤ δ+((un)n)+

S
vdµ
and using the definition of the upper integral, we obtain:
lim sup
n
Iun ≤ δ+((un)n)+ Iu.
Now prove assertion (a)′. Let a subsequence (unk)k of (un)n such that: limk Iunk = lim supn Iun , from (a) we deduce:
lim sup
n
Iun = limk Iunk ≤ δ
+((unk)k)+ Iu
and it suffices to take the infimum on the family of such subsequences to obtain (a′).
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Let us now prove the assertion (b) of the theorem. Taking −un in the first assertion of the theorem, we obtain, setting
u = lim infn un,
−δ+((−un)n)+ Ju ≤ lim inf
n
Jun ≤ lim infn Iun .
Let Ju ≠ Iu = +∞. Then by Fatou’s lemma,
+∞ = Iu+ ≤ Ilim infnu+n ≤ lim infn Iu+n ,
hence, the sequence (u−n )n being eventually bounded in L1(S,R), we have lim infn Iun = +∞, this proves that the desired
inequality is true. Therefore in every case:
−δ+((−un)n)+ Ilim infnun ≤ lim infn Iun .
Inequality (b′) can be deduced from (b) in the same way that (a′) is a consequence of (a). The proof of Theorem 3.2 is
complete. 
The following result is an extension of Fatou’s classical lemma, [5,6,14].
Corollary 3.3. Let (un)n be a sequence of elements of L0(S,R).
(a) If the sequence (u+n )n is eventually equi-integrable in L1(S,R), then:
lim sup
n
Iun ≤ Ilim supnun .
(b) If the sequence (u−n )n is eventually uniformly integrable in L1(S,R), then:
Ilim infnun ≤ lim infn Iun .
In the next Theorem 3.6 we will make precise the inequality (b).
Proof of Corollary 3.3. Clearly, from Lemma 1.8, 0 ≤ δ+((un)n) ≤ δ+((u+n )n) = 0, thus Theorem 3.2(a) proves the first
assertion. On the other hand, 0 ≤ δ+((−un)n) ≤ δ+((u−n )n) = 0, then Theorem 3.2(b) proves the last assertion. The proof
of Corollary 3.3 is complete. 
Note that Corollary 3.3 improves [6, Lemma 3.3] and [5, Corollary 1.5]. Theorem 3.2 gives also the following immediate
consequence (compare with Corollary 3.11):
Corollary 3.4. Let (un)n be a sequence of elements of L0(S,R) such that the sequence (u−n )n is eventually bounded in L1(S,R),
then:
lim sup
n
Iun − lim infn Iun ≤ Ilim supnun − Ilim infnun + δ
+
∥ ((un)n)+ δ+∥ ((−un)n).
Therefore if in addition the sequence (un)n is eventually equi-integrable, then:
lim sup
n
Iun − lim infn Iun ≤ Ilim supnun − Ilim infnun .
Definition 3.5. Let (un)n be a sequence of elements of L0(S,R), we define:
δ+=((un)n) = sup

δ+((u
′
)), (u
′
) = (unk)k subsequence of (un)n : limk Iunk = lim infn Iun

.
Theorem 3.6. Let (un)n be a sequence of elements of L0(S,R).
If the sequence (u−n )n is eventually uniformly integrable in L1(S,R), then:
(a) δ+((un)n)+ Ilim infnun ≤ lim sup
n
Iun .
(b) δ+=((un)n)+ Ilim infnun ≤ lim infn Iun .
Proof of Theorem 3.6. Given t < δ+((un)n), there exists σ = (Sp)p ∈ Σ such that:
t < lim sup
p
sup
n≥p
 ∗
Sp
undµ.
Extracting a subsequence of σ if necessary, there exists a subsequence (unk)k such that nk ≥ k and
t ≤ lim sup
k
 ∗
Sk
unkdµ (1).
Define Tk = Sck and vk = infp≥nk up1Tk , then since nk ≥ k, lim infn un = limk vk.
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Because for every integer k, vnk ≤ unk1Tk , then:
lim inf
n
un = lim
k
vnk ≤ lim infk unk1Tk .
From Corollary 3.3(b) applied to the sequence (unk1Tk)k we get:
Ilim infnun ≤ Ilim infkunk1Tk ≤ lim infk
 ∗
Tk
unkdµ (2).
For every integer kwe have unk = unk1Sk + unk1Tk , and by integration:
Iunk =
 ∗
Sk
unkdµ+
 ∗
Tk
unkdµ. (3)
Wemay suppose that r = supn ∥u−n ∥1 <∞. Since lim infk
 ∗
Sk
unkdµ ≥ −r and
lim infk
 ∗
Tk
unkdµ ≥ −r , taking the lim sup and lim inf in the equality (3), we obtain:
lim sup
n
Iun ≥ lim sup
k
Iunk ≥ lim supk
 ∗
Sk
unkdµ+ lim infk
 ∗
Tk
unkdµ,
this gives, due to (1) and (2):
lim sup
n
Iun ≥ lim sup
k
 ∗
Sk
unkdµ+ Ilim infnun ≥ t + Ilim infnun .
This last inequality being valid for every t < δ+((un)n), we deduce the first assertion of Theorem 3.6:
lim sup
n
Iun ≥ δ+((un)n)+ Ilim infnun .
To end the proof of Theorem 3.6. Let there be a subsequence (unk)k of (un)n such that: limk Iunk = lim infn Iun , from the first
part of the theorem:
δ+((unk)k)+ Ilim infnun ≤ δ+((unk)k)+ Ilim infkunk ≤ limk Iunk = lim infn Iun .
Taking the supremum on such subsequences (unk)k, we obtain the inequality (b). The proof of Theorem 3.6 is complete. 
Corollary 3.7 (Klei–Miyara [2]). Suppose the measure µ finite. Given a sequence of bounded non negative integrable functions
(un)n such that the sequence of integrals (Iun)n converges to l, then:
Ilim infnun ≤ l− η((un)n).
Proof of Corollary 3.7. From Proposition 1.3, η((un)n) = δ+((un)n), and the result is an immediate consequence of
Theorem 3.6(a) above.
Definition 3.8. Let (un)n be a sequence of elements of L0(S,R), we define:
δ−((un)n) = inf{δ+((u′)), (u′) subsequence of (un)n}.
The assertion (b) of the next corollary is proved in [4, Proposition 3], for a bounded non negative sequence and a finite
measure. Recall that convergence in local measure is convergence in measure on each subset of finite measure, see [7]. 
Corollary 3.9. Let (un)n be a sequence of elements of L0(S,R) converging in local measure to u and such that the sequence (u−n )n
is eventually uniformly integrable in L1(S,R). Then:
(a) δ+((un)n)+ Iu = lim sup
n
Iun ,
(b) δ−((un)n)+ Iu = lim inf
n
Iun .
Proof of Corollary 3.9. Let us first prove the following lemma.
Lemma 3.10. For each t < δ+((un)n), there exists a subsequence (u′) of (un)n such that for every subsequence (u′′) of
(u′) : t < δ+((u′′)).
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Proof of Lemma 3.10. Due to the definition of δ+((un)n), there exists an element σ = (Sk)k ∈ Σ such that:
t < lim sup
k
sup
n≥k
 ∗
Sk
undµ.
There exists an increasing subsequence (kp)p verifying
lim sup
k
sup
n≥k
 ∗
Sk
undµ = lim
p
sup
n≥kp
 ∗
Skp
undµ.
For each integer p keep an integer np ≥ kp such that:
min

p, sup
n≥kp
 ∗
Skp
undµ

− p−1 ≤
 ∗
Skp
unpdµ,
thus: lim
p
 ∗
Skp
unpdµ = limp supn≥kp
 ∗
Skp
undµ = lim sup
k
sup
n≥k
 ∗
Sk
undµ > t,
therefore t < lim
p
 ∗
Skp
unpdµ.
Let the subsequence (u′) = (unp)p of (un)n. Therefore every subsequence (u′′) = (unpq)q of (u′) satisfies:
t < lim
q
 ∗
Skpq
unpqdµ ≤ lim supq supn≥kpq
 ∗
Skpq
undµ ≤ δ+((u′′)).
This proves Lemma 3.10. 
Now let us prove the first equality of Corollary 3.9.
For each t < δ+((un)n), keep a sequence (u′) as in Lemma 3.10. Since the sequence (un)n converges in local measure to
u, there exists a subsequence (u′′) of (u′) almost everywhere converging to u. If we apply Theorem 3.6(a) to the sequence
(u′′), we obtain:
t + Iu < δ+((u′′))+ Iu ≤ lim sup
n
Iun
this inequality being valid for every t < δ+((un)n), we get:
δ+((un)n)+ Iu ≤ lim sup
n
Iun . (1)
On the other hand let there be a subsequence (unk)k such that limk Iunk = lim supn Iun . there exists a subsequence (u′) of
(unk)k converging almost everywhere to u. Then Theorem 3.2 (a
′) used with (u′) gives:
lim sup
n
Iun = limk Iunk ≤ Iu + δ
+
∥ ((u
′
)). (2)
Clearly since δ+∥ ((u′)) ≤ δ+((un)n), (1) and (2) show the assertion (a).
Let us prove now the assertion (b).
For every subsequence (u′) = (unk)k of (un)n there exists a subsequence (u′′) = (unkp )p of (u′) almost everywhere
converging to u, with Theorem 3.2(a) applied to (u′′), we have:
lim inf
n
Iun ≤ lim sup
p
Iunkp ≤ δ
+(u
′′
)+ Iu ≤ δ+((u′))+ Iu,
and taking the infimum on subsequences (u′) of (un)n, we get:
lim inf
n
Iun ≤ δ−((un)n)+ Iu. (3)
On the other hand, for every t < δ+=((un)n), from the Definition 3.5 of δ+=((un)n), let a subsequence (u′) = (unk)k satisfying
lim
k
Iunk = lim infn Iun , and t < δ
+((u
′
)).
From Lemma 3.10 there exists a subsequence (u′′) of (u′) such that for every subsequence (u′′′) of (u′′),
t < δ+((u
′′′
)).
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Keeping a subsequence (u′′′) of (u′′) almost everywhere converging to u, with Theorem 3.6(b) applied to the sequence u′′′,
we obtain:
t + Iu < δ+=((u
′′′
)n)+ Iu ≤ lim
k
Iunk = lim infn Iun ,
this last inequality being valid for arbitrary t < δ+=((un)n), we get:
δ+=((un)n)+ Iu ≤ lim infn Iun . (4)
and since δ−((un)n) ≤ δ+=((un)n), the assertion (b) is a consequence of (3) and (4). 
Corollary 3.11. Let (un)n be a bounded sequence of elements of L1(S,R) converging in local measure and such that the sequence
(u−n )n is equi-integrable, then:
lim sup
n
Iun − lim infn Iun = δ
+((un)n)− δ−((un)n).
Proof of Corollary 3.11. Clearly if u is the limit in localmeasure of the bounded sequence (un)n, then (by the classical Fatou’s
lemma) u is integrable, thus Iu is finite. Therefore Corollary 3.9(a) and (b) give the above equality. 
4. Lower epi-limit of a sequence of integral functionals
Given a topological space (X, T ) and a sequence (fn)n of R-valued functions defined on X , we will consider the lower
sequential epi-limit seq-liefn (see [15,16]) defined by:
seq-liefn(x) = infxn→x lim infn fn(xn),
when the topology T is metrisable, we note simply liefn.
Let (E, ∥ · ∥) be a separable Banach space. Denote by L0(S, E) the space (of classes for almost everywhere equality) of
measurable E-valued functions defined on S. Recall that a subset X ⊆ L0(S, E) is said decomposable (see [17]) when, for any
measurable set A, X1A + X1Ac ⊂ X , where X1A = {x1A, x ∈ X}. In the sequel we will consider a decomposable subspace X
of L0(S, E) endowed with a topology T . The following topological property is denoted by (Px):
Given a sequence (An)n of measurable subsets of S such that limn µ(A∩An) = 0 for every measurable set A of finite measure,
and two T -converging sequences (xn)n and (yn)n to x ∈ X , if zn = xn1An + yn1Acn ∈ X , then the sequence (zn)n T -converges to x.
Clearly every Lebesgue space Lp(S, E) 1 ≤ p ≤ ∞ endowed with its usual norm topology satisfies this property. Indeed
since zn − x = (xn − x)1An + (yn − x)1Acn , we may suppose that x = 0; if ∥ · ∥p is the usual norm on Lp(S, E), we have∥zn∥p ≤ ∥xn∥p + ∥yn∥p.
Suppose E with separable dual E∗, every Lebesgue space Lp(S, E), 1 ≤ p ≤ ∞ endowed with the topology
σ(Lp(S, E), Lq(S, E∗)), p−1 + q−1 = 1 verifies also (Px). Indeed, as previously, we may suppose that x = 0. Note that
zn = (xn − yn)1An + yn. Let us first consider the case 1 < p ≤ ∞. For every x∗ ∈ Lq(S, E∗), we have: |⟨x∗, zn⟩| ≤|⟨x∗, yn⟩| + m∥x∗1An∥q, where m = supn ∥xn − yn∥p, and the result follows since every singleton of Lq(S, E∗) is q-equi-
integrable. Now suppose that p = 1, by the classical Dunford’s result extended to σ -finite measures, the sequences (xn)n
and (yn)n are equi-integrable, therefore the sequences (xn1An)n and (yn1An)n norm converges to 0.
Given a S⊗B(E)-measurable integrand f : S × E → R, we will consider the integral functional associated to f , defined
on L0(S, E) by If (x) = If (x), where f (x)(s) = f (s, x(s)).
In the sequel we will consider a sequence (fn)n of S ⊗ B(E)-measurable R-valued integrands and the following analog
of Ioffe’s criterion (see [18]):
(Cx) For every subsequence (fnp)p of (fn)n, and every T -converging sequence (xp)p to x such that the sequence (Ifnp (xp))p is
bounded above, the sequence (f −np (xp))p is eventually uniformly integrable in L1(S,R).
Note that the following result gives simple statements for Ioffe’s property.:
Lemma 4.1. Suppose that there exists a T -converging sequence (yn)n to x ∈ X such that the sequence (Ifn(yn))n is bounded
above.
(a) Ioffe’s criterion (Cx) is equivalent to the following:
(C ′x) for every sequence (xn)n T -converging to x such that the sequence (Ifn(xn))n is bounded above, the sequence (f −n (xn))n
is eventually uniformly integrable in L1(S,R).
(b) Moreover, in addition, suppose that the measure µ is atomless, the topological space (X, T ) verifies the property (Px). Ioffe’s
criterion (Cx) is equivalent to the following:
(C ′′x ) for every sequence (xn)n T -converging to x the sequence (f −n (xn))n is eventually uniformly integrable in L1(S,R).
Proof of Lemma 4.1. For (a) it suffices to prove that (C ′x)⇒ (Cx). Suppose that (Cx) is false. There exist a subsequence (fnp)p
of (fn)n a T -convergent sequence (xp)p to x such that the sequence (Ifnp (xp))p is bounded above and the sequence (f
−
np (xp))p
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is not eventually uniformly integrable in L1(S,R). Define zk = xp if k = np, and zk = yk if np < k < np+1. Clearly the
sequence (zk)k is T -converging to x, the sequence (Ifk(zk))n is bounded above, but the sequence (f
−
k (zk))k is not eventually
uniformly integrable. Therefore (C ′x) is not realized.
Let us prove the assertion (b): it suffices to prove that (C ′x)⇒ (C ′′x ). Suppose that (C ′x) is true and (C ′′x ) is false, let us show
a contradiction. Since (C ′x) is true the sequence (f −n (yn))n is eventually uniformly integrable, hence eventually bounded in
L1(S,R), the sequence (Ifn(yn))n being bounded we deduce that the sequence (fn(yn))n is eventually bounded in L1(S,R).
Since (C ′′x ) is false, there exists a sequence (xn)n T -converging to x such that the sequence (f −n (xn))n is not eventually
uniformly integrable in L1(S,R). The measure being atomless, the sequence (f −n (xn))n is not eventually equi-integrable.
There exists ϵ > 0 such that δ+((f −n (xn))n) > ϵ. Equivalently there exists a decreasing sequence (Bn)n of measurable
subsets with a negligible intersection such that eventually:
ϵ < sup
p≥n
 ∗
Bn
f −p (xp)dµ.
Define Sn = {fn(xn) ≤ 0}, An = Sn ∩ Bn, and zn = xn1An + yn1Acn . Then fn(zn)1An = −f −n (xn)1Bn , from (Px) the sequence
(zn)n T converges to x and moreover the sequence (fn(yn))n being bounded in L1(S,R), the sequence (Ifn(zn))n is bounded
above with eventually:
ϵ < sup
p≥n
 ∗
Bn
f −p (zp)dµ,
hence the sequence (f −n (zn))n is not equi-integrable, therefore the sequence (fn)n does not verify the property (C ′x). 
Theorem 4.2. Suppose the measureµ atomless, that the topological space (X, T ) verifies the property (Px) at some point x ∈ X.
Let f be a S ⊗B(E)-measurable R-valued integrand f satisfying the property:
‘‘for every ϵ > 0 there exists a sequence (yn)n T -converging to x such that δ+((f −n (yn))n) ≤ ϵ and lim supn Ifn(yn) ≤
If (x)+ ϵ’’.
Then if If (x) ≠ −∞, Ioffe’s criterion (Cx) is necessary to obtain the inequality:
If (x) ≤ seq-lieIfn(x).
Proof of Theorem 4.2. Since the measure µ is atomless, every equi-integrable set is bounded in L1(S,R). If Ioffe’s criterion
(Cx) is not verified at x ∈ X , there exists a subsequence (fnp)p of (fn)n and a T -converging sequence (xp)p to x such that the
sequence (Ifnp (xp))p is bounded above by some real number r and (f
−
np (xp))p is not equi-integrable. If the inequality
If (x) ≤ seq-lieIfn(x),
is true we have: −∞ ≠ If (x) ≤ r < ∞, hence f (x) is integrable. Moreover there exist ϵ > 0 and an increasing covering
(Tp)p of S (up to a negligible set) by measurable sets such that
lim
k
sup
p≥k
 ∗
T ck
f −np (xp)dµ > ϵ. (1)
By assumptions there exists a T -converging sequence (yn)n to x such that
lim sup
n

S
fn(yn)− f (x)dµ < 3−1ϵ and δ+((f −n (yn))n) ≤ 3−1ϵ. (2)
From (1) for every integer k, there exists pk ≥ k such that ∗
T ck
f −npk (xpk)dµ > ϵ.
Define Sk = {fnpk (xpk) ≥ 0} and Uk = Sk ∪ Tk, the above inequality is equivalent to the following: ∗
Uck
fnpk (xpk)dµ < −ϵ. (3)
Set Ak = U ck , zk = xpk1Ak + ynpk 1Ack . Then since Ak ⊂ T ck , for every measurable A set of finite measure, limk µ(A∩ Ak) = 0.
Since pk ≥ k, due to the property (Px), the sequence (zk)k is T -converging to x and for every integer k:
Ifnpk (zk)− If (x) =
 ∗
Ak
(fnpk (zk)− f (x))dµ+
 ∗
Ack
(fnpk (zk)− f (x))dµ,
Ifnpk (zk)− If (x) =
 ∗
Ak
(fnpk (xpk)− f (x))dµ+ Ifnpk (ynpk )− If (x)−
 ∗
Ak
(fnpk (ynpk )− f (x))dµ.
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Due to the above equality, (2) and (3), for k large enough we obtain:
Ifnpk (zk)− If (x) ≤ −ϵ + 2

Ak
|f (x)|dµ+ 3−1ϵ +

Ak
f −npk (ynpk )dµ.
And since Ak ⊂ T ck and pk ≥ k:
Ifnpk (zk)− If (x) ≤ −ϵ + 2

T ck
|f (x)|dµ+ 3−1ϵ + sup
p≥k

T ck
f −np (ynp)dµ.
But limk

T ck
|f (x)|dµ = 0 and δ+((f −np (ynp))p) ≤ δ+((f −n (yn))n) ≤ 3−1ϵ, with the last inequality we get:
seq-lieIfn(x) ≤ lim sup
k
Ifnpk (zk) ≤ If (x)− 3
−1ϵ,
which gives a contradiction. The proof of Theorem 4.2 is complete. 
Proposition 4.3. Suppose the tribe S µ-complete. Given a sequence (fn)n of S ⊗ B(E)-measurable R-valued integrands then
the integrand f = liefn defined by f (s, e) = liefn(s, .)(e) is S ⊗B(E)-measurable.
Proof of Proposition 4.3. Let us first prove the following lemma:
Lemma 4.4. Suppose the tribe S µ-complete. Let (Fn)n be a sequence of E-valued multifunctions defined onΩ with measurable
graph, then the multifunction lim supn Fn is with measurable graph.
Proof of Lemma 4.4. Recall that given a sequence (Cn)n of subsets of the Banach space E, the upper limit, lim supn Cn, is the
set C = {e ∈ E : lim infn d(e, Cn) = 0}, where for a subset A ⊂ E, d(e, A) = infa∈A ∥e − a∥, if A ≠ ∅,+∞, if A = ∅.
Therefore given a sequence (Fn)n of E-valued multifunctions, we have:
graph(lim sup
n
Fn) =

(s, e) ∈ S × E : lim inf
n
d(e, Fn(s)) = 0

.
Since the Fn are with measurable graph, from [19, Theorem III 23], the domain of Fn is a measurable subset Sn of S, denote
by Sn the restriction of the tribe S to Sn. From [19, Theorem III 22 and Lemma III 14], the integrand gn(s, e) = d(e, Fn(s)) is a
Sn ⊗B(E)-measurable (Caratheodory) integrand, hence a S ⊗B(E)-measurable integrand. Therefore so is g = lim infn gn.
Since graph(lim supn Fn) = {g = 0}, it is S ⊗B(E)-measurable. The proof of Lemma 4.4 is complete. 
End of the proof of Proposition 4.3. Given anR-valued function f defined on E, its epigraph, epi f is the set {(e, r) ∈ E×R :
f (e) ≤ r}. Recall that for a sequence of R-valued functions fn defined on E, we have the relation [16, Theorem 4.16]:
epi(liefn) = lim sup
n
epi fn. (1)
Clearly if f is an S ⊗ B(E)-measurable integrand, the multifunction epi f : ω ⇒ epi fω is with measurable graph. The
integrands fn being S ⊗ B(E)-measurable, the multifunctions epi fn(s) = epi fn(s, .) are with S ⊗ B(E)-measurable
graph. From Lemma 4.4 and (1), the multifunction Γ = epi liefn = lim supn epi fn is with measurable graph, hence due to
[19, Theorem III 23], the domainD ofΓ is measurable. ThemultifunctionΓ defined onD is with nonempty closed values and
with measurable graph, and [19, Theorem III 30] proves that it is measurable. Therefore Γ is measurable as a multifunction
defined on S. For every closed subset C of E and any real number r , from [19, Theorem III 30 (f)], Γ −1(C×] − ∞, r]) is
measurable. As in [20, Theorem 2A], define the closed valued multifunction Γr(s) = {e ∈ E : liefn(s, e) ≤ r}, then
Γ −1r (C) = Γ −1(C×] − ∞, r]) ∈ S, this proves that the multifunction Γr is measurable, thus from [19, Proposition III
13] its graph is S ⊗B(E)-measurable. But since
graph(Γr) = {(s, e) : e ∈ Γr(s)} = {(s, e) : liefn(s, e) ≤ r} ∈ S,
we deduce that the integrand liefn is S ⊗B(E)-measurable. This proves Proposition 4.3. 
Theorem 4.5. Suppose that every T -converging sequence converges in local measure. Let x ∈ X and a sequence (fn)n of
S ⊗ B(E)-measurable R-valued integrands with lower epi-limit f = liefn. Then for every sequence (xn)nT -converging to x
such that the sequence (f −n (xn))n is eventually L1-bounded we get:
−δ+((−f −n (xn))n)+ If (x) ≤ lim infn Ifn(xn).
In addition if the sequence (fn)n satisfies Ioffe’s criterion (Cx), then with Definition 3.8, setting
δ−((fn)n, x) = inf
xn
T−→x δ
−((fn(xn))n), we have
δ−((fn)n, x)+ If (x) ≤ seq-lieIfn(x).
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Proof of Theorem 4.5. Let a subsequence (xnp)p such that lim infn Ifn(xn) = limp Ifnp (xnp). Extracting if necessary a
subsequence (xnpq )q almost everywhere converging to x, we have almost everywhere:
f (x) ≤ l = lim inf
q
fnpq (xnpq ).
The sequence (f −n (xn))n being eventually L1-bounded, from Theorem 3.2(b) applied to the sequence (fnpq (xnpq ))q, we obtain
the first desired inequality:
−δ+((−f −n (xn))n)+ If (x) ≤ −δ+(−(fnpq (xnpq ))q)+ Il ≤ lim infq Ifnpq (xnpq ) = lim infn Ifn(xn).
Let us prove now the second statement. Given a real number r such that seq-lieIfn(x) < r , we may suppose that there exist
a sequence (xk)kT -converging and converging almost everywhere to x and a subsequence (fnk)k of (fn)n such that:
lim sup
k
Ifnk (xk) < r.
Due to Ioffe’s criterion (Cx), the sequence (f −nk (xk))k is eventually uniformly integrable in L1(S,R), thus with Theorem 3.6(a),
setting l = lim infk fnk(xk), we obtain:
δ−((fn)n, x)+ If (x) ≤ δ+((fnk(xk))k)+ Il ≤ lim sup
k
Ifnk (xk) < r.
The above inequality being valid for every r such that seq-lieIfn(x) < r , the proof of Theorem 4.5 is complete. 
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